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Coherent vortices in geostrophic turbulence grow in size and become fewer as they merge. It is shown that
the deformation radius LD has no effect on the growth of the average vortex radius a as a grows from a
�LD to a�LD. Its growth is algebraic, given by a� t�/4, where �=0.72. However, the deformation radius does
have an effect on the decay of the number of vortices or vortex density �, given by �� t−� for a�LD and �

� t−�/2 for a�LD. Thus the decay of � becomes slower once a has grown to a size comparable to that of LD.
One scaling theory for the entire range from a�LD to a�LD is presented and verified by numerical experi-
ments. A special method for quadruplicating the numerical domain when the vortices become too few is
proposed, which keeps the computation inexpensive. This work generalizes and agrees with previous work, in
which the two special cases a�LD and a�LD are independently investigated.
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I. INTRODUCTION

Coherent vortices dominate the dynamics described by
the simple quasi-two-dimensional model considered here.
During the evolution of the dynamics, these vortices continu-
ously merge and thus they grow in size and become fewer.
We derive the laws given in the abstract, which quantita-
tively describe this growth and decay, respectively, and use
numerical experiments to verify our assumptions, test our
theoretical predictions, and determine parameters left unde-
termined by our derivation. The two opposite limits of our
laws become identical to those of the two special cases con-
sidered previously �1,2�, once an inconsistency with �2� is
resolved.

The model is given by

�q

�t
+ J��,q� = 0, �1a�

where

q = �2� − LD
−2� �1b�

is the potential vorticity. Time is denoted by t, �
= �� /�x ,� /�y�, where x and y are horizontal coordinates, and
J�� ,q�=�� /�x�q /�y−�q /�x���y, which is the Jacobian.

The velocity is determined by u= k̂���, where k̂ is the
vertical unit vector. Depending on the application one has in
mind, � and LD are defined differently. In studies of plasmas,
the equation above is known as the Charney-Hasegawa-
Mima �CHM� equation �3,4�. It describes the dynamics of
the electrostatic field on the plane perpendicular to a strong
magnetic field uniformly applied to a plasma. In this case, �
is the electrostatic potential and LD the Larmor radius de-
fined by LD=v� / fc, where v� is the speed of a charged
particle perpendicular to the magnetic field and fc is the cy-
clotron frequency. In studies of the atmosphere and ocean,
the equation is known as the quasi-geostrophic �QG� equa-

tion. It describes the slow, large-scale dynamics of a shallow
layer of fluid with constant density �1 above a deep layer
with constant density �2��1 that is always at rest. This two-
layer fluid is considered on a flat plane centered at a particu-
lar latitude 	0 and thus the dynamics is described with re-
spect to the rapidly rotating earth. In this case, � is the
streamfunction and LD the deformation radius defined by
LD=�g�H / f0, where �g�H is the shallow water gravity wave
speed and f0 is the value of the Coriolis frequency or param-
eter f =2
 sin 	 at latitude 	=	0, where 
=2� /day, which
is the Earth’s rotation rate. The presence of the lower layer
has the effect of reducing the gravitational acceleration in the
upper layer to g�= ��2−�1� /�2g, where g=9.81 m/s2 ��5�
Sec. 2.12�. If at rest, the upper layer has depth H. If the
dynamics is strongly nonlinear it is referred to as geostrophic
turbulence. The derivation of the equation and reasons that it
is a useful approximation for studying the slow, large-scale
dynamics of the atmosphere and ocean are given in many
textbooks �e.g., �6� Sec. 12.2, �7� Sec. 3.12, �5� Sec. 2.6,
noting that we consider here an f plane, that is, the approxi-
mation f = f0�. It is important to emphasize that the deforma-
tion radius is in this paper a constant, except in the last
section in which we present an application of our results to a
system with a latitude-dependent deformation radius.
Throughout the paper, we use nomenclature and notations
conventional in studies of the atmosphere and ocean. It must,
however, be emphasized that our work is also applicable to
studies of plasmas.

The finite size of the deformation radius LD in �1b� makes
geostrophic turbulence a useful generalization of intensely
studied two-dimensional turbulence �e.g., �5� Sec. 4.8, �8��,
given by the special case LD→� in �1b�. The general case
can be considered to describe the dynamics of the upper
layer of the ocean above an infinitely deep abyssal ocean that
is at rest. It thus models the dynamics of a so-called first
baroclinic mode. The interface between the two layers rep-
resents the ocean’s thermocline. Physically, the deformation
radius is a measure of the importance of thermocline fluctua-
tions on the dynamics. For length scales smaller than the
deformation radius, the extreme case being two-dimensional*Email address: jtheiss@ucsd.edu
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turbulence, the thermocline appears rigid and the two layers
are practically uncoupled. For length scales larger than the
deformation radius, the thermocline fluctuations dominate
the dynamics. In this sense, a finite deformation radius cap-
tures the effect of the lower layer on the dynamics of the
upper layer and thus incorporates the dynamical role of the
vertical dimension in the quasi-two-dimensional geostrophic
turbulence, which therefore represents a useful generaliza-
tion of two-dimensional turbulence.

The geostrophic turbulence that we consider is the free
evolution of a random initial state in a double periodic
square domain of length L. The random initial state is here
meant to be given in terms of an initial stream function
whose Fourier components have phases that are random and
amplitudes that give the energy spectrum E��k�� in �12�,
which is given in terms of the total wave number �k� and has
a sharp peak at high total wave number. In this geostrophic
turbulence, coherent vortices of comparable radii and poten-
tial vorticity extrema emerge. To extend our study from such
homogeneous to an inhomogeneous field of vortices, for in-
stance one with a broad range of vortex radii, would be be-
yond the scope of this paper. For studies of such vortex dy-
namics see �8�. The average vortex radius a is determined by
the McWilliams vortex census �Fig. 1� �9�, which is an
elaborate numerical scheme to detect coherent vortices and
to determine their characteristics. In principle, it identifies
extrema in the potential vorticity field q at a given time. It
then searches for a closed boundary around every extremum,
which is given by a closed contour line representing q values
that are 80% smaller than the value of the extremum. In
those cases in which an enclosed boundary exists, the area,
say A, is only determined if the boundary has also a fairly
circular shape. The radius is then given by �A /�. This al-
lows to determine the average vortex radius a of the field of
vortices at a given time. It is worth noting that not the part-
ticular contour line that leads to the size of a is significant,

since the above 80% is somewhat arbitrary, but the particular
form of the growth law. Apart from the average vortex radius
a, we also determine the vortex density � at a given time,
which is simply defined to be the number of vortices in the
domain.

The remarkable property of �1� is that it conserves energy
and enstrophy densities, denoted by E and Z, respectively.
This is shown by multiplying �1a� by � /L2 and q /L2, respec-
tively, integrating over the domain, and using integration by
parts. The energy density E thus takes the form

E =
1

L2�
L2

1

2
�����2 + LD

−2�2�dx , �2�

where the first and second terms are the kinetic and potential
energy densities, denoted by Ekin and Epot, respectively. If we
then replace � by its Fourier integral, we have

E = �
0

�

E��k��d�k� , �3a�

Z = �
0

�

��k�2 + LD
−2�E��k��d�k� . �3b�

As the energy spectrum E��k�� with the initial sharp peak,
introduced above, spreads in wave number space, E and Z
must be conserved. According to �3�, this is only possible if
more energy spreads to smaller rather than to larger �k�. En-
ergy is therefore said to cascade to larger length scales �e.g.,
�5� Sec. 4.8 for the special case of two-dimensional turbu-
lence�. The growing average vortex radius a considered here
is a manifestation of this cascade.

Observations show that in the oceans most of the energy
that is not in the mean flow is in length scales that are com-
parable to the deformation radius LD �of the first baroclinic
mode� �10�. However, the previously studied special cases
mentioned in the abstract consider the energy to be in length
scales that are either much smaller �1� or much larger �2�
than LD. These special cases, specified by a�LD→� �two-
dimensional turbulence� �1� and a�LD�0 �2�, represent the
two opposite limits of our model. Regarding the latter case, it
is worth noting that the obvious limit LD→0 cannot be con-
sidered because it would reduce �1a� to �� /�t=0. In this
paper, we consider the general case for which a grows
through a large range of values from a�LD to a�LD. The
benefit is an understanding on how LD affects the evolution
of vortex properties as the initially small a grows to the size
of LD and beyond. Since our general case also contains the
case a�LD, it captures therefore the dynamics relevant to
studies of the ocean and also provides a more general view
of vortex dynamics by achieving agreement with the two
previously and independently studied special cases �1,2�.

In order to numerically simulate the evolution of geo-
strophic turbulence through the necessary large range of val-
ues of the average vortex radius a, the resolution has to be
sufficiently high to resolve the initially small scales and the
domain size has to be sufficiently large to contain the final
large vortices. Such a numerical simulation is computation-
ally very costly. We therefore propose a technique, referred

FIG. 1. McWilliams vortex census. This is an enlargement of the
dotted box in Fig. 2�a�, showing a coherent vortex in the potential
vorticity field q. The contour lines represent the values of q from
−70 to 0 with interval 10. The McWilliams vortex census deter-
mined the location of the vortex’s extremum qext=−77 indicated by
the dot in the middle and the vortex’s boundary indicated by a circle
of dots around the contour of q=0.2qext.
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to as quadruplication, that stepwise decreases an initially
high resolution and increases an initially small domain size
as the geostrophic turbulence freely evolves.

In Sec. II, we review the scaling theories developed for
the two above-mentioned special cases �1,2� and propose a
scaling theory for the general case. Section III explains the
numerics, in particular the technique of quadruplication, and
shows the results of the numerical experiments. A compari-
son and in particular a resolution of a disagreement with
previous work is presented in Sec. IV. The insight developed
in this paper is summarized in Sec. V and its application to a
study of an equatorward energy cascade �11� is briefly ex-
plained in Sec. VI.

II. SCALING THEORY

A cascade of energy to larger length scales, which is in
our model manifested by a growing average vortex radius a,
is predicted using the conservation of energy density E and
enstrophy density Z �see previous section�. However, laws,
as those in this section that quantitatively describe the evo-
lution of vortex properties such as the growth of the average
vortex radius a, can only be derived using, besides the con-
servation of energy density E, also the conservation of po-
tential vorticity extremum qext. Note that the former is a glo-
bal conservation law whereas the latter is in a sense a local
conservation law specific to the individual vortices.

To understand the conservation of potential vorticity ex-
tremum qext, we rewrite �1a� as �q /�t+u ·�q=0, which
shows that potential vorticity q in �1b� is conserved on fluid
particles. This implies in particular that the vortex resulting
from the merger of two vortices must have the larger poten-
tial vorticity extremum of the two potential vorticity extrema
of the original two vortices �12�. If we assume for simplicity
that all the potential vorticity extrema of an initial state have
the same value qext then the potential vorticity extrema of all
the vortices that exist during the evolution of the geostrophic
turbulence must also all have that same value qext. Thus, qext
is conserved. This has been numerically verified for the spe-
cial case a�LD→� �two-dimensional turbulence� ��9�, his
Fig. 7 and �1�, their Fig. 1�. For the opposite special case a
�LD �2�, it has not been shown previously, but our recre-
ation of the numerical experiment of �2� provides the verifi-
cation �not shown�. For the general case, for which a ranges
from a�LD to a�LD, the numerical verification is presented
in the next section and shown in Fig. 3�a�. For the following
we define qext=qext,kin+qext,pot analogous to E=Ekin+Epot in
�2�.

The scaling theory of the special case a�LD→� �two-
dimensional turbulence� �1� uses the conservation laws intro-
duced above, which state in this special case that Ekin and
qext,kin are both constant. The expression for Ekin in �2� can be
rewritten using integration by parts, which replaces ����2 by
��2�, and inserting ��x�=	G�x ,x����2��x��dx�, where
G�x ,x�� is the Green function for �2, leading to

Ekin =
1

L2�
L2
�

L2

1

2
qkin�x�G�x,x��qkin�x��dx dx�, �4�

where qkin=�2�. Assuming that most potential vorticity is
contained in vortices and that those contributions to the in-

tegrals in �4� are negligible that arise when two locations,
represented by the values of x and x�, are not in the same
vortex, �4� can be approximated by Ekin��qext,kin

2 a4. The con-
servation of Ekin and qext,kin then implies that �a4 is constant.
Numerical experiments of �1� show algebraic growth or de-
cay of various vortex properties. By assuming a� t�/4, we
thus have �� t−� or vice versa. Thus, only the one scaling
exponent � needs to be determined numerically in order to
obtain a complete picture of the evolution of vortex proper-
ties.

In complete analogy, the opposite special case a�LD
leads to Epot��qext,pot

2 a2LD
2 �2�. By assuming a� t
/2, we thus

have �� t−
 or vise versa, leaving 
 the only scaling expo-
nent to be determined numerically.

For the general case, for which a ranges from a�LD to
a�LD, we use in the following in principle the same ap-
proach. First, we express the constant energy density, now E,
as a product that contains the vortex density �, the constant
potential vorticity extremum, now qext, and the average vor-
tex radius a. The expression for E, derived below, is given by
�10b�. Using this expression and assuming the algebraic
growth of a in �11a�, which is verified by numerical experi-
ments in the next section and shown in Fig. 3�b�, we thus
obtain the algebraic decay law for � in �11b�, leaving finally
� the only scaling exponent to be determined numercially.

To implement this approach, we begin by considering

Ekin =
1

2
�qext,kin

2 �kin
2 a4 �5a�

and

Epot =
1

2
�qext,pot

2 �pota
2LD

2 . �5b�

The derivations of both expressions are the same as those for
the two special cases described above, only that here we
retain the factor 1 /2 and introduce the constant parameters
�kin and �pot since we are in this general case required to
consider the actual identities in �5� rather than merely the
proportionalities. To be more specific, note that qkin in �4� is
approximated by qext,kin, thus leading to �5a�. To compensate
for this approximation so that the identity in �5a� is guaran-
teed, the actual area a2� covered by an average vortex must
therefore be reduced to an effective area �kina

2, where � is
incorporated in �kin. The parameter �pot is used to fulfill the
same purpose in the case of Epot.

Note that in the present general case qext,kin and qext,pot are
not constant and therefore must be expressed in terms of the
constant qext, which is achieved in the following, resulting in
�9�. Equation �5� gives

Epot

Ekin
=

qext,pot
2

qext,kin
2 �â2 , �6�

where �=�kin
2 /�pot and â=a /LD. An alternative expression

of the same fraction is obtained by using again �2� but with-
out manipulating Ekin in terms of the Green function that
leads to �4�. Introducing � /a� as a scale for �� and â�

=a� /LD, the alternative to �6� thus is
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Epot

Ekin
=

�
L2

�LD
−1��2dx

�
L2

����2dx

= â�
2 . �7�

Note that with the introduction of a�, we now have two
different average vortex radii. The difference is that a and a�

are the average vortex radii of the vortices as they appear in
the potential vorticity field q and the streamfunction field �,
respectively.

Combining both fractions �6� and �7� gives

qext,pot
2

qext,kin
2 �â2 = â�

2 . �8�

This is a condition that the desired expressions for qext,kin and
qext,pot must satisfy while also having the limits implied by
�1b�, which are

qext,kin → qext and qext,pot → 0 as â and â� → 0,

qext,kin → 0 and qext,pot → qext as â and â� → � .

Suitable expressions are

qext,kin
2 = qext

2 1

1 + �â�
2 â2 �9a�

and

qext,pot
2 = qext

2 �â�
2 â2

1 + �â�
2 â2 . �9b�

These now allow to express the constant energy density E as
a product containing the vortex density �, the constant po-
tential vorticity extremum qext, and the average vortex radius
a, just like for the special cases. Using �5a�, �7�, and �9a�, we
have

E = 
1 +
Epot

Ekin
�Ekin = �1 + â�

2�
1

2
�qext,kin

2 �kin
2 â4LD

4 �10a�

=�1 + â�
2�

1

2
�qext

2 1

1 + �â�
2 â2�kin

2 â4LD
4 . �10b�

The same result is obtained, as it is expected, by expressing
E in �10a� by �Ekin /Epot+1�Epot and then using �5b�, �7�, and
�9b�.

The remarkable result of our numerical experiments, pre-
sented in the next section, is the fact that the algebraic
growth of the average vortex radius a is unaffected, espe-
cially it is unaffected by the deformation radius LD �Fig.
3�b��. For the entire range from a�LD to a�LD, we can thus
state

a = LDt̂�/4, �11a�

where time t is normalized as t̂= t / t0 with t0 being a constant
that has to be chosen such that a=LD at t= t0. Our numerical
experiments show that the other average vortex radius a�

does not precisely grow algebraically but is nevertheless also

a monotonically increasing function of t̂. Using �10b� and
�11a�, the decay of the vortex density � is consequently given
by

� =
2E

qext
2 �kin

2 LD
4

1 + �â�
2 t̂�/2

1 + â�
2 t̂−�, �11b�

which has the two limits

� =
2E

qext
2 �kin

2 LD
4 t̂−� as t̂ → 0 �11c�

and

� =
2E

qext
2 �potLD

4 t̂−�/2 as t̂ → � . �11d�

Note that neither limit depends on â� and thus they are iden-
tical to the previously studied two special cases a�LD→�
�1� and a�LD �2�, respectively, but only if 
=� /2. This
required identity is addressed in the following two sections.
The analogy of this scaling theory of the general case to
those of the special cases would be complete if we could
replace â� by â. This is generally not possible because â�

and â are, as mentioned above, differently defined length
scales, which also grow differently. However, the numerical
experiments in the next section show that replacing â� by â
causes no visible difference in the result given by �11b�. On
this basis we can claim complete analogy.

In the next section, we use numerical experiments to
verify the assumptions, test the theoretical predictions, and
determine the unknown parameters of the scaling theory.

III. NUMERICAL EXPERIMENTS

A. Model

We numerically simulate the free evolution of a random
initial state as described by �1�. Because the energy cascades
only predominantly to larger length scales, there is also some
energy that cascades to smaller length scales. For instance,
the merger of two vortices can produce filaments that be-
come increasingly thinner. In the physical, continuous case,
the energy would thus cascade to increasingly smaller length
scales until it would be converted into heat by molecular
diffusion. In the discrete case of our numerical model, we
have a finite smallest length scale and therefore the spreading
of energy to length scales smaller than that smallest length
scale must be mimicked by adding a so-called hyperviscosity
of the form −��2�2q, to the right-hand side of �1a�. We set
�=3.5�10−9, which is chosen sufficiently small thus caus-
ing the energy to decrease so little that it can still be consid-
ered to be constant. The conservation of potential vorticity
extremum qext is least affected by hyperviscosity because the
individual extrema are at the core of the vortices whose size
represents the largest length scale in the model and thus they
are comparatively insulated from hyperviscosity �13�. How-
ever, hyperviscosity becomes an issue when we compare our
work with previous work in Sec. IV. The Arakawa scheme
�14� is chosen to numerically determine the Jacobian J�� ,q�
in �1a� because it has the important property of conserving
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energy and enstrophy, which is crucial since the conservation
of energy and enstrophy form the base of geostrophic turbu-
lence and in particular the scaling theory to be tested. The
integration in time is done by the Adams-Bashforth scheme
and �1b� is Fourier-transformed in order to invert the poten-
tial vorticity q to obtain �. The boundary condition in space
is periodicity in both directions. For the size of the square
domain we choose length L=�. Using a 256�256 grid,
gives a grid spacing of ds=0.012. For the time step we
choose dt=0.0025, which we change during the numerical
experiment to fulfill the CFL criterion. The random initial
state, as specified in the Introduction, has an energy spectrum
that has the shape

E��k�� �
�k�6

��k� + 2�k0��18 �12�

and a size such that the energy density in �3a� becomes
E=0.5. The maximum of the energy spectrum is at �k0�=30.
Our model is thus almost identical to that used in previous
work �9� �see also �15��. The only difference to �9�, which is
worth mentioning, is his larger domain size L=2� and there-
fore the necessary larger 450�450 grid.

The McWilliams vortex census �9� is employed to deter-
mine the average vortex radius a and the vortex density �. Its
principle mechanism is briefly described in the Introduction.
To ensure best possible results, we always visually examine
whether the McWilliams vortex census is identifying all co-
herent vortices at all times.

B. Quadruplication

As geostrophic turbulence freely evolves in our numerical
model the vortices grow larger and become fewer until the
statistical end state of a single pair of opposite-signed vorti-
ces is reached �16�. It is possible that this end state is reached
before the average vortex radius a has grown from a�LD to
a�LD. This could be avoided by having initially a larger
number of vortices, which is achieved by enlarging the do-
main. Because we would have to keep the same resolution,
enlarging the domain is computationally expensive. A com-
putationally less expensive method is to enlarge the domain
only at a later time when the vortices have become too few.
At that time, they have also become larger and therefore the
resolution can be reduced, thereby still resolving the vortices
sufficiently. This procedure can be repeated several times
throughout the evolution.

In order to enlarge the domain we take advantage of the
periodic boundary condition in both directions. This particu-
lar boundary condition allows us to imagine an infinite plane
that is made up of an infinite number of identical copies of
the free evolution of geostrophic turbulence in our original
domain. Although this allows to consider for instance a
larger domain consisting of four copies �Fig. 2�a��, the geo-
strophic turbulence would not evolve truly in this quadrupled
domain. The statistical end state would be an identical pair of
opposite-signed vortices in each quadrant. The double peri-
odicity within the four quadrants must therefore be broken at
the time when the domain is quadrupled. This is best
achieved by having a slightly different state of geostrophic

turbulence in each quadrant, which can be obtained by taking
the state of the geostrophic turbulence in the original domain
at four close consecutive points in time during the evolution
and patching them up to obtain the quadrupled domain.
These four states should not have any vortices on their
boundaries to avoid discontinuities in the resulting qua-
drupled domain on the boundaries where the four states are
connected. If they do, we use the fact that the state of the
geostrophic turbulence contained within the dashed box in
Fig. 2�a� is identical to the state in the original domain re-
gardless where the box is positioned. The position shown in
Fig. 2�a� defines a suitable alternative original domain that
turns out to have no vortices on its boundary at the time
shown in the figure and at further three close consecutive
points in time. Patching up those four states and then halving
the resolution gives Fig. 2�b�. This quadruplication could be

FIG. 2. Quadruplication. Both panels show geostrophic turbu-
lence in the potential vorticity field q, where white indicates q�0
and black q�0. In �a�, the state of geostrophic turbulence in each
quadrant and in the dashed box is identical because of the double
periodic boundary condition of the original domain that is repre-
sented by one quadrant. The dashed box defines an alternative origi-
nal domain with the advantage of having no vortices on its bound-
ary during a brief period of the evolution of the geostrophic
turbulence. During this period, we obtain at four close consecutive
times four slightly different states. These four states are patched up
and the resolution is halved, which gives �b�. The dotted box in �a�
defines the section shown in Fig. 1.
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automated but because of the few times it must be carried out
we have selected the position of the dashed box, that defines
the alternative original domain, by visual inspection. It is
remarkable how little the patched up states in Fig. 2�b� have
to differ from each other to break the double periodicity. The
successful breaking is confirmed by the fact that the statisti-
cal end state of the geostrophic turbulence shown in Fig. 2�b�
is a single pair of opposite-signed vortices, as opposed to that
of Fig. 2�a�, which is four pairs.

We can only halve the resolution, and therefore quadruple
the domain, when the average vortex radius a has doubled
since the start of the evolution or since the last quadruplica-
tion. Assuming a doubles between times t and ct, the con-
stant c must therefore, according to �11a�, satisfy �ct��/4

=2t�/4, which gives c=24/�.
If the evolution is in the phase for which a�LD, the num-

ber of vortices �vortex density ��, evolving according to
�11c�, decreases between the above times by a factor of
�t�−� / �ct�−�=16. This implies that the quadruplication
scheme is limited because it cannot produce a sufficient
number of vortices indefinitely. For example, if we started
with 512 vortices, only 32 would exist by the time a would
have doubled. Quadrupling the domain at this time would
increase the number of vortices to 128 and not back to 512.
Alternatively, if we quadrupled the domain whenever the
number of vortices has decreased by a factor of 4, a would
not yet have doubled but only increased by a factor of �2.
Halving the resolution in this case would render it to be too
low to resolve the vortices. This alternative scheme has in
principle been implemented in a study of a point-vortex
model in the case a�LD→� �two-dimensional turbulence�
�15�, in which it is called renormalization. In this study, the
domain is, after being quadrupled, shrank to its original size.
This reduces a by a factor of 2. However, consistency with
scaling theory, given in this case by �11a� and �11c�, would
dictate a factor of �2, which can be understood by imagining
the evolution to reverse in time. In this reversal, increasing
the number of vortices by a factor of 4 would reduce a not by
a factor of 2 but of �2. Because the renormalization scheme,
nevertheless, reduces a by a factor of 2 and not of �2, it does
not continue the same evolution of two-dimensional turbu-
lence but defines a new and different state of two-
dimensional turbulence every time it is implemented. This is
not the case for our quadruplication scheme, which is con-
sistent with scaling theory, but it is still limited due to the
same reason the renormalization scheme is limited.

If the evolution is in the phase for which a�LD, the num-
ber of vortices �vortex density ��, evolving according to
�11d�, decreases not by a factor of 16, as in the case above,
but only of 4. Thus, in this case the quadruplication scheme
can be applied indefinitely many times, allowing the evolu-
tion to be numerically simulated for an arbitrary long time
thereby always having a sufficient number of vortices.

C. Results

The results of the numerical experiments are presented in
Fig. 3. In this section, after a comment about quadruplica-
tion, we first show that the numerical experiments verify the

assumptions that form the base of the scaling theory in Sec.
II, then collect the values of the parameters that the scaling
theory cannot provide, and finally summarize the results.

In our main numerical experiment, as described in the
previous two subsections, we quadruple the domain twice
during the evolution. This is compared with a numerical ex-
periment that is identical except that it uses a 16 times larger
domain on a 1024�1024 grid and therefore no quadruplica-
tions. Figure 3 �thin black graphs with quadruplication; thin
dark grey graphs without quadruplication� shows that the
quadruplication has no noticeable effect, as desired.

The scaling theory is based on the assumption that the
energy density E, the potential vorticity extrema qext, and the
exponent � /4 of the algebraic growth of the average vortex
radius a in �11a� remain constant throughout the entire evo-
lution. Figure 3 clearly shows that the numerical experiments
verify all these assumptions.

It is remarkable that the growth of the average vortex
radius a, seen in Fig. 3�b�, is unaffected, especially it is
unaffected by the deformation radius LD, as opposed to the
vortex density �. As mentioned in the Introduction, we are
free to shift a in Fig. 3�b� such that a=LD at the same time t

FIG. 3. Results. The thin black graphs are produced by the nu-
merical experiment described in Sec. III. The times of quadruplica-
tion are indicated by the two large dots on the t axis. The thin dark
grey graphs are produced by a numerical experiment that is identi-
cal except that it uses a 16 times larger domain on a 1024�1024
grid and therefore no quadruplications. During the free evolution of
an initial random state, most identifiable coherent vortices begin to
emerge only after some time has elapsed, here at t�0.8. Therefore,
the potential vorticity extremum qext, the average vortex radius a
and the vortex density � are not determined until then. The thick
light grey graphs represent the assumption for a in �11a�, the pre-
diction for � in �11b�, and the best fit for â�, given by â�

=log�40t̂+2.4.
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at which the slope of � changes �see also last paragraph of
this section�. The unprecedented long and unaffected growth
over a period of about four decades allows determining �
=0.72 in �11a� with good accuracy.

Regarding the vortex density �, we first consider the spe-
cial cases a�LD �t→0 in Fig. 3�b�� and a�LD �t→� in
Fig. 3�b��. For these two limits, Fig. 3�b� indicates an alge-
braic decay of � with an exponent of −0.72 and −0.36, re-
spectively. This is consistent with our scaling theory, which
predicts the former exponent to be twice the latter �Eqs. �11c�
and �11d��. Additional consistency is given by the fact that
the algebraic decay of � gives �=0.72, which is the same as
that given by the algebraic growth of a. It is important to
point out that the exponents in terms of which � and a are
expressed, are determined by two independent methods em-
ployed by the McWilliams vortex census, as described in the
Introduction. In simple terms, counting vortices is clearly
unrelated to determining their average radius. Both of these
independent methods lead to �=0.72, thus showing this ad-
ditional agreement between our scaling theory and numerical
experiments.

In order to determine the two remaining parameters �kin
and �pot, we collect various parameter values from Fig. 3.
One is t0=2.3 in �11a�. Others are qext=60 and E=0.44,
rather than E=0.5, as specified in Sec. III A. We use a
smaller value of E because E decreases in a very short initial
period up to about t=0.2 from 0.5 to 0.47. During this period
some energy is still in such small length scales that it is
effectively dissipated by the hyperviscosity. However, for the
remaining evolution E decays very slowly and can be taken
to be E=0.44. We can now set the values of �kin and �pot
such that the values of the limits of � in the scaling theory
�11c� and �11d� agree with those of the numerical experi-
ments in Fig. 3�b�. This gives �kin=0.44 and �pot=0.35. The
effective areas, mentioned below �5�, thus become 0.06a2�
and 0.04a2�, respectively.

The case that remains to be considered is a�LD, which
requires â�. Figure 3�b� shows that log�40t̂+2.4 fits â�. Be-
cause this fit is only required to be valid for a�LD, it does
not matter that â� does not tend to zero as t̂→0, as it should
if it had to be valid for the entire range of a.

The average vortex radius a and the vortex density �, as
given by the scaling theory �11a� and �11b�, respectively, are
now fully determined and shown by Fig. 3�b� �thick light
grey graphs� to be in good agreement with our numerical
experiments.

In Sec. II. it is pointed out that a complete analogy to the
special cases is spoiled by the introduction of the second
average vortex radius a�. However, replacing â� in �11b� by
â gives an expression of � that cannot be visually distin-
guished from the � shown in Fig. 3�b� �thick light grey
graph�. On this basis we can therefore set â�= â and thus a
complete analogy between the scaling theories of the special
cases and the general case is established.

It is worth mentioning that the definition of the average
vortex radius a is not fixed. As described in the Introduction,
the McWilliams vortex census determines a by choosing the
vortex boundary to be where q=0.2qext. This choice turns out
to give a=LD when â�=1 �dotted lines in Fig. 3�b��, that is,

when the ratio Epot /Ekin=1 �7�. We could choose a different
definition for the radius, say anew=0.64a. This choice might
in the current context be more suitable because a=LD when
the transition from �� t̂−� to �� t̂−�/2 occurs �dotted line in
Fig. 3�b��. If the definition of a was changed, the resulting
change in � would be compensated by changing �kin and
�pot.

IV. COMPARISON WITH PREVIOUS WORK

By comparing our general case with the two special cases
studied previously, we demonstrate agreement after resolving
an inconsistency with one of the two special cases.

For the special case a�LD→�, �1� show that a� t�/4 and
�� t−�, with �=0.75, which is later corrected to �=0.72 �15�.
The limit t̂→0 of our scaling theory �Eqs. �11a� and �11c��
represents this special case and indicates the same algebraic
growth and decay, respectively. Our numerical experiments
give �=0.72. Thus our work fully agrees with �1�.

For the special case a�LD, �2� show that a� t
/2 and �
� t−
, with 
=0.55 determined numerically. The limit t̂→�
of our scaling theory �Eqs. �11a� and �11d�� represents this
special case and indicates the same algebraic growth and
decay, respectively. However, our numerical experiments
give 
=� /2=0.36 �Fig. 3�b�� and not 
=0.55.

To resolve this inconsistency we review the method by
which �2� determine the value of 
. They consider a quantity
called U1, which is given by

U1 =
1

L2�
Scoh

1

2
q�2� dr � −

1

L2�
Scoh

1

2
�2� �2�dr �13�

�their �14� and �18��, where, in terms of our notation, �
=L /LD, �=�, and r=x. The area of integration Scoh is
the area that the coherent vortices occupy. It is defined
to be where the Gaussian curvature ��2� / ��x�y��2− ��2� /
�x2���2� /�y2� is negative and the absolute value of the po-
tential vorticity �q� is larger than the average of �q� taken over
the entire domain. They state that �13� leads to U1�N�−2qa

2

�their �18��, where N is the total number of vortices in the
domain and qa=�2�. As they provide no derivation, we sup-
pose that they use Scoh and N to define an average vortex
radius acoh and take �2� to be scaled as � /as

2. From �13�, we
have U1�N�−2qa

2acoh
2 /as

2. Assuming that acoh
2 /as

2 is constant
during the evolution, gives their result. Since qa=�2�
��2�, qa can be considered constant, resulting in U1�N.
Using N=L2�� t−
, the evolution of U1 therefore determines

. However, the assumption that acoh

2 /as
2 is constant during

the evolution cannot be generally made. From our numerical
experiments we know that two differently defined average
vortex radii, in our case a and a�, grow also differently �Fig.
3�b��, and their ratio is therefore not constant during the en-
tire evolution. Consequently, we do not necessarily have
U1�N.

We recreate their numerical experiment and instead of
determining the decay of U1, we employ the McWilliams
vortex census to determine the decay of the vortex density �,
to obtain 
. Two crucial differences to our numerical experi-
ments described in Sec. III are worth noting. First, their hy-
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perviscosity is much larger than ours in Sec. III. The effect of
the two different hyperviscosities is seen in the energy decay.
At t=100, the energy has decayed in their case by 40% �their
Fig. 7�, whereas with our smaller hyperviscosity of Sec. III,
it has only decayed by 17% �not shown�. Second, their maxi-
mum of the initial energy spectrum is at �k0�=50, compared
to ours at �k0�=30 in Sec. III, but both have a 256�256 grid.

Our recreation of their numerical experiment produces the
same evolution of U1 �Fig. 4�, featuring the expected slope of
−0.55 �compare with their Fig. 8�. The evolution of the av-
erage vortex radius a has a slope larger than our value of
0.18 �grey graph in Fig. 5�. This faster growth might be due
to the large hyperviscosity, which diffuses the vortices, thus
making them larger than they would be with a smaller hy-
perviscosity. To test this hypothesis, we reduce the hypervis-
cosity to our value in Sec. III. In this case, the evolution of a
has a slope of 0.18 �black graph in Fig. 5�. Returning to their
larger hyperviscosity, the slope of the evolution of � �grey
graph in Fig. 5� is slightly larger than our value of −0.36.
This might be due to more frequent mergers of vortices pos-
sibly because of their enlarged size caused by the larger hy-
perviscosity. Reducing again the hyperviscosity as above, the
slope of the evolution of � �black graph in Fig. 5� is closer to
the value of −0.36. We can conclude that by reducing the
hyperviscosity to our value given in Sec. III, so that the
important property of conservation of energy and enstrophy
is approximately guaranteed, the recreation of their numeri-
cal experiment with our hyperviscosity produces results that
are in complete agreement with our scaling theory and nu-
merical experiments.

It is worth noting that the recreation of their numerical
experiment with our hyperviscosity is always close to be-
coming unstable, especially during the early part of the evo-
lution. Therefore, the results are not as clear as they could be.
The reason is that by setting �k0�=50, too much energy is
contained in small scales partly spreading towards the small-
est resolved length scale. Our small hyperviscosity is unable

to remove this energy effectively. Its presence disturbs the
emergence of coherent vortices and they appear fringed. For
this reason, we choose for our numerical experiments in Sec.
III �k0�=30. It is not an alternative to keep �k0�=50 and to
increase instead the hyperviscosity as is done in their experi-
ments because the geostrophic turbulence must be virtually
inviscid, that is, conserve energy, in order to test the scaling
theories.

V. SUMMARY

As geostrophic turbulence governed by �1� evolves freely
from a random initial state coherent vortices emerge. By
merging, they grow and become fewer. The average vortex
radius a and the number of vortices in the domain or vortex
density � are determined by the McWilliams vortex census.
It is remarkable, as shown by our numerical experiments
�Fig. 3�, that the growth of a from a�LD to a�LD remains
unchanged and in particular is not affected by the deforma-
tion radius LD. We find that a� t̂�/4 with �=0.72. This expres-
sion for a forms the base of the derivation of our scaling
theory, which concludes with an expression for �, given by
�11b�. It predicts the decay of � as seen in our numerical
experiments, which thus verify our scaling theory and in par-
ticular also the value �=0.72 independently determined by
the growth of a. In the limit a�LD, �� t̂−�, and thus our
work agrees with that of �1�, who consider the case a�LD

→�. In the limit a�LD, �� t̂−�/2 which does not agree with
the work of �2�, who consider the same case but obtain a
larger value for � /2 �their 
�. This inconsistency is resolved
by first pointing out that their hyperviscosity is too large and
then recreating their numerical experiment with our smaller
hyperviscosity.

FIG. 4. U1 in �13�. This is the evolution of U1 produced by the
recreation of the numerical experiment of �2�. The slope of −0.55
agrees with the original numerical experiment. Compare with Fig. 8
in �2�.

FIG. 5. Recreation of the numerical experiment of �2�. The grey
graphs are produced by the recreation of the numerical experiment
of �2�. The black graphs are produced by the same numerical ex-
periment, except that the smaller hyperviscosity of Sec. III. is used.
For the reason that the average vortex radius a and the vortex den-
sity � are only shown for later times, refer to the caption on Fig. 3.
The quadruplication is marked by the large dot at t=300 on the t
axis.
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In summary, as the average vortex radius a grows unaf-
fected, especially it is unaffected by the deformation radius
LD, as a� t̂�/4 through a large range from a�LD to a�LD,
the decay of the vortex density � is slowed down from �
� t̂−� to �� t̂−�/2 when a has grown to be comparable to LD.

VI. APPLICATION

The result of this paper has already been used in the study
of an energy cascade toward the equator, which might be
relevant to physical oceanography �11�. For the components
of the ocean dynamics that depend on depth, so-called baro-
clinic modes, the corresponding deformation radii depend on
latitude. We therefore consider in this section a latitude-
dependent deformation radius. As specified in the Introduc-
tion and throughout this paper, except in this section, we
consider an f plane, given by a constant Coriolis parameter
f = f0, and thus the deformation radius LD=�g�H / f0 is also
constant. To introduce the latitude-dependence of f
=2
 sin 	 �see Introduction�, a � plane, given by the ap-
proximation f = f0+�y, where � is a constant and y the me-
ridional direction, is usually considered. Despite of this, the
derivation of the well-studied form of the QG equation on a
� plane �e.g., �6� Sec. 12.2, �7� Sec. 3.12, �5� Sec. 2.6�, gives
the same constant deformation radius LD=�g�H / f0 as in the
case of an f plane. We therefore make the unconventional
step of allowing LD nevertheless to be latitude-dependent by
replacing f0 by f = f0+�y �17�. A formal derivation that jus-
tifies this unconventional step is given by �11�, Appendix A.
It is worth noting that the �-plane approximation adds the
term �y to the right-hand side of �1b�, which gives rise to
Rossby waves. To simplify our study we omit this term,
which removes the Rossby waves from the dynamics, and
thus represents the high energy limit. A full analysis and
discussion of this omission is given in �11�.

The above changes leave all equations in this paper for-
mally unchanged, particularly the energy density E and en-
strophy density Z in �3�, which remain formally unchanged
even if we do not omit the term �y. Following the same
argument as below �3�, we find that in this case energy cas-
cades not only to larger length scales but also to larger LD,
that is, toward the equator �17�.

We know that the energy cascade to larger length scales
manifests itself in merging vortices. It is of interest to know
how the equatorward energy cascade manifests itself. The
result of this paper suggests part of a manifestation. Since the
deformation radius is now latitude-dependent, we have to
consider a latitude-dependent average vortex radius a and
vortex density �. Suppose we consider vortices for which a
is initially smaller than the smallest LD of the model.
Throughout the free evolution of the geostrophic turbulence

the vortices grow according to a� t̂�/4, unaffected by LD and
thus independent of latitude. The decay of � in this evolution
is slowed down from �� t̂−� to �� t̂−�/2 first where LD is
smallest, that is, at the highest latitudes. As a continues to
grow, the decay of � is slowed down at consecutively lower
latitudes. This creates a field of same-sized vortices whose
density � decreases with latitude. Figure 6 shows such a field
with many vortices at high latitudes �top and bottom of fig-
ure� and few around the equator �middle of figure�. Vortices
then begin to move to where there is more space �low ��,
which is at lower latitudes. Since the vortices contain most of
the energy of the geostrophic turbulence, the energy thus
moves or cascades to lower latitudes, that is, toward the
equator. An equatorward energy cascade might occur in the
ocean because energy is observed to increase toward the
equator �10�.
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FIG. 6. Latitude-dependent deformation radius. This is the po-
tential vorticity field q of the model described in Sec. VI. The
deformation radius increases toward the equator, which is denoted
by the dotted horizontal line in the middle. The vortices have ap-
proximately the same radius throughout the domain, that is, the
value of the average vortex radius is the same at each latitude, but
the vortex density decreases towards the equator �figure from �11��.
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